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1. Introduction
Let p be a prime number. For any positive integral power q = pf of p, we denote by
Fq the finite fields of order q . Given a multiplicative character χ : F×q → C×, the Gauss





where ζp = e
2πi
p and Tr : Fq → Fp denotes the trace map. Let m be the order of χ , so that
q ≡ 1 (mod m). If f1 denotes the least positive integer such that q1 := pf1 ≡ 1 (mod m),
then there exists a multiplicative character χ1 of F×q1 such that
χ = χ1 ◦ NFq/Fq1 ,
where NFq/Fq1 is the norm map from Fq to Fq1 . It then follows from a theorem of Davenport
and Hasse that
g(χ) = −(−g(χ1))f/f1 .
Thus, the exact value of g(χ) can be obtained from that of g(χ1). In view of this fact we
will henceforth assume that f is the order of p in (Z/mZ)×.
When m = 1, that is, χ is the trivial character, it is easy to see that g(χ) = −1. In the













In this case, Gauss showed that
g(χ) =
{ √
p p ≡ 1 (mod 4) ,
i
√
p p ≡ 3 (mod 4) .
After the initial work of Gauss, a great deal of researches have been done for Gauss sums
(see [1]). One of the most important results is a theorem of Stickelberger, which says that
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2 if p > 2 .
(1)
In particular we have g(χ) = pf/2 when m is odd.
Let G = (Z/mZ)× and let H = 〈p〉G denote the subsgroup of G generated by the
class of p. Stickelberger’s theorem, in particular, shows that g(m, p) ∈ Q if −1 ∈ H . In
general, if we identify G with the Galois group Gal(Q(ζm)/Q) in the standard manner, then
it is known g(χ)m ∈ Q(ζm)H . Moreover, if (p − 1,m) = 1, then we know that g(χ) ∈
Q(ζm)
H (see Proposition 3.2). In particular, it follows that [Q(g(χ)) : Q] ≤ (G : H). The
case where (G : H) = 2 (the index 2 case) was studied in [7, 11, 6, 8, 12, 13, 14], and we
will recall some of the results in Section 6. Feng, Yang and Luo [2, 12], and Yang and Xia
[13] studied the case where (G : H) = 4 (the index 4 case).
The purpose of this paper is to prove Theorem 2.4, which gives an explicit formula for
g(χ) when G/H is an elementary abelian group of exponent 2 and (m, 6) = 1. It should
be mentioned that our proof of Theorem 2.4 is a simple generalization of that of preceding
works stated above. The idea of the proof consists of two parts; one is Stickelbergaer’s the-
orem on the prime ideal decomposition of the ideal (g(m, p)), and the other is a congruence
relation on Gauss sums induced from the Davenport-Hasse relation. The idea of the latter
seems to go back to Koblitz [4].
2. The Main Theorem
In this section we will state our main theorem. For this end we introduce some nota-
tion. Let m = le11 le22 · · · lerr be the prime power factorization of m, where l1, . . . , lr are the
distinct primes dividing m. Let G = (Z/mZ)× and H = 〈p〉G be as in the introduction.
Consider the following condition on m and p.
CONDITION 2.1. (m, 6) = 1 and the quotient group G/H is an elementary 2-
group.
We note that Condition 2.1 implies that (p − 1,m) = 1. Indeed, If p ≡ 1 (mod li)
for some li , then the order of p modulo l
ei
i is a divisor of l
ei−1
i . It follows that (G : H) is
divisible by li , which is a contradiction since li > 2. Thus (p − 1,m) = 1.
Let K = Q(ζm) be the m-th cyclotomic field. If p is a prime ideal of K lying above p,






modulo p is by definition the m-th root of unity





≡ x q−1m (mod p) .
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. In order to simplify the
















For an odd prime l, we put l∗ = ±l, where the sign is chosen so that l∗ ≡ 1 (mod 4).
Consider the multi-quadratic field
L = Q
(√





Then Condition 2.1 implies that KH is either L or a subfield of L with index 2. We will
show in Section 3 that Condition 2.1 implies that g(m, p) ∈ KH . This may justify the title
of this paper.
The following proposition gives a necessary and sufficient condition for G/H be an
elementary abelian 2-group in terms of prime factors of m.
PROPOSITION 2.2. Suppose that m is odd. Let m = le11 le22 · · · lerr be the prime power
decomposition of m. Then G/H is an elementary abelian 2-group if and only if the follow-
ing two conditions hold:
(i) For any i, j with i 
= j , we have (ϕ(leii ), ϕ(lejj )) = 2.
(ii) If gi (i = 1, . . . , s) denotes an integer such that gi is a primitive root modulo
l
ei
i and gi ≡ 1 (mod m/leii ), then
p ≡ gn11 · · · gnrr (mod m) , (2)











If G/H is an elementary abelian 2-group, then at most one prime in {l1, . . . , lr } is
congruent to 1 modulo 4. Let s be the number of the indices i such that ni = 2 in (2).
Then, after a suitable renumbering of l1, . . . , lr , we may assume that
l1 ≡ · · · ≡ lr−1 ≡ 3 (mod 4) (3)
and p satisfies one of the following three congruence conditions holds:
(Case 1) r > s, p ≡ g21 · · · g2s gs+1 · · · gr (mod m).
(Case 2) r > s, p ≡ g21 · · · g2s−1gs · · · gr−1g2r (mod m), and lr ≡ 1 (mod 4).
(Case 3) r = s, p ≡ g21 · · · g2r (mod m).
PROPOSITION 2.3. Suppose that Condition 2.1 and (3) hold. Then pf/2 ≡ −1
(mod m) if and only if s = 0 and lr ≡ 3 (mod 4).
Let s be as above. Then we have
G/H ∼=
{
(Z/2Z)r−1 if s < r ,
(Z/2Z)r if s = r .
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We set δ = 2r/(G : H). Thus,
δ =
{
2 (if s < r) ,
1 (if s = r) .
Let m0 = l1 · · · lr be the maximal square-free divisor of m. Let ni be as in (2) and












According to the three cases above, m(1)0 and m
(2)






ls+1 · · · lr in (Case 1) ,
ls · · · lr−1 in (Case 2) ,






l1 · · · ls in (Case 1) ,
l1 · · · ls−1lr in (Case 2) ,
m0 in (Case 3) .
Let D(m) be the set of positive divisors of m0. For each d ∈ D(m), we define δd by
δd =
{
2 if d  m(2)0 ,
1 if d | m(2)0 .
It is clear from the definition that δm0 = δ. Let
κd = δ/δd .
Then κd ∈ {1, 2} since δd | δ for any d ∈ D(m).
For any positive square-free integer d such that d ≡ 3 (mod 4), we denote by h(−d)
the class number of the imaginary quadratic field Q(
√−d). If we denote by v(d) the
number of the prime factors of d , then h(−d) is divisible by 2v(d)−1 by genus theory of
quadratic fields. Put
h∗(−d) = h(−d)/2v(d)−1 .
Let pd be the prime ideal of Q(
√−d) lying under p. Then, as we will see in Proposition
3.3, pδdh
∗(−d)





d = (πd) ,
where πd denotes the complex conjugate of πd . If we put
πd = ad + bd
√−d
2
(ad, bd ∈ Z) ,
then we have
4pδdh
∗(−d) = a2d + db2d . (4)







) = 1, d ≡ 3 (mod 4), and(
l
d
) = −1 for any prime divisor l of m0/d
}
.
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Note that m ∈ D(m, p) if and only if m ≡ 3 (mod 4) and ( p
m





For the sake of convenience, we put H(1) = 0.
Fix l1, . . . , lr once and for all so that they satisfy condition (3) and put
mi = li · · · lr (i = 1, . . . , r) , mr+1 = 1 .
Thus, m1 = m0 and mr = lr . Furthermore, define
Di =D(mi, p) ,

















Then the following identities are clear from the definition:
D(mi, p) = D0i  D−i , D(mi+1, p) = D+i  D−i (i = 1, . . . , r) . (5)
The main theorem of this paper can be stated as follows.
THEOREM 2.4. Suppose that Condition 2.1 holds and l1 ≡ · · · ≡ lr−1 ≡3 (mod 4).
Then we have






with ε = ±1. If we denote by λi a prime ideal of L lying above li , then ε is given as follows:




































REMARK 2.5. Here a few remarks should be made.




= 1, so that the prime p splits in the quadratic field
Q(
√−d). Therefore πd can not be a rational integer for any d ∈ D(m, p). In particular,
we have the equivalence
g(m, p) = ±pf/2 ⇐⇒ D(m, p) = ∅ .
If −1 ∈ H , then it is easy to see that D(m, p) = ∅, and hence g(m, p) = ±pf/2. Actually
we have g(m, p) = pf/2 by Stickelberger’s theorem mentioned in the introduction.
In general, we have
Q(g(m, p)) = Q(√−d; d ∈ D(m, p)) .
It follows that
[Q(g(m, p)) : Q] =
∣∣∣D(m, p)Q×2/Q×2∣∣∣ ,
where D(m, p)Q×2/Q×2 denotes the subgroup of Q×/Q×2 generated by the integers in
D(m, p).
(ii) Given a prime divisor li of m, there is ambiguity in the choice of a prime ideal





is independent of the choice of λi for any














= 1, so that
li remains prime in Q(










and this value is certainly independent of the choice of λi .
(iii) The expressions of the sign of g(m, p) in Theorem 2.4 depend on the numbering
of the prime factors l1, . . . , lr of m. Therefore, a permutation of l1, . . . , lr may give a
nontrivial relation on the parity of class numbers appearing in those expressions.
3. Preliminaries
In this section, we will prove some basic facts which will be needed in later sections.






= 1 for any integer u ∈ Z with
p  u.
Proof. Note that if (p − 1,m) = 1 then Np−1
m(p−1) is an integer. Thus, by Fermat’s little









m(p−1) ≡ 1 (mod p).







= 1 since m | Np − 1. 
The following proposition is well-known.
PROPOSITION 3.2. If (p(p − 1),m) = 1, then g(m, p) ∈ KH . In particular, if
Condition 2.1 holds, then g(m, p) ∈ KH .
Proof. For any integer u with (u,mp) = 1, let σu be the element of Gal(Q(ζmp)/Q)

























Hence Lemma 3.1 shows that g(m, p)σu = g(m, p). This proves that g(m, p) ∈ K .



















p = g(m, p) .
Here we have used the fact that Tr(xp) = Tr(x) for any x ∈ Fp since the Frobenius map
x → xp is an automorphism of the field Fp. This proves that g(m, p) ∈ KH . 
Let d be a square-free positive integer such that d ≡ 3 (mod 4) and consider the
imaginary quadratic field F = Q(√−d). Then F is a subfield of the cyclotomic field
K = Q(ζd). We put G = Gal(K/Q). Let F ∗ be the genus field of F ; in other words, F ∗
is the intermediate field of K/Q such that Gal(K/F ∗) = G2. Let h be the class number of
F . By genus theory of quadratic fields, we know that h∗ := h/[F ∗ : F ] is an integer.
PROPOSITION 3.3. Let p be a prime number not dividing d and put δ = (〈p〉G2 :
G2), where 〈p〉 denotes the subgroup of G generated by the class of p. Let p be a prime
ideal of F lying above p. Then pδh
∗
is a principal ideal.
Proof. Let p∗ be a prime ideal of F ∗ lying above p. Note that the relative degree of
p∗ in the extension F ∗/F is δ. Hence
NF ∗/F (p
∗) = pδ .








































which means that pδh
∗
is a principal ideal by class field theory. 
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REMARK 3.4. Clearly δ = 1 or 2. Since the exponent of the ideal class group of F
is a divisor of 2h∗, Proposition 3.3 is trivially true if δ = 2.
Assume that (p(p − 1),m) = 1. Choose a prime factor l of m. We denote by le
the largest power of l dividing m and set m′ = m/le. Recall that p is a prime ideal of
K = Q(ζm) lying above p. Let p′ be the prime ideal of Q(ζm′) lying under p and f ′ the
order of p in (Z/m′Z)×.
THEOREM 3.5 (the Davenport-Hasse relation). Suppose that Fq ′ is a finite exten-
sion of Fq . Let χ and χ ′ be characters of Fq× and Fq ′× respectively such that χ ′ =
χ ◦ NFp/Fp′ . Then we have
(−g(χ))f/f ′ = −g(χ ◦ NFp/Fp′ ) .
Proof. For a proof, see [3, Chapter 11, §3, Theorem 1]. 
The following proposition, which is an easy consequence of Theorem 3.5, will be of
great importance in our proof of Theorem 2.4.
PROPOSITION 3.6. Let λ be a prime ideal of Q(ζm) lying above l. If (p(p −
1),m) = 1 then
g(m, p)l
e ≡ −(−g(m′, p′))f/f ′ (mod λ) .













































































ζ Tr(x)p (mod λ) . (7)
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To see this, let n = f/f ′. Then
Np − 1 = (Np′ − 1){1 + Np′ + (Np′)2 · · · + (Np′)n−1}
Hence for any x ∈ Fp we have
x
Np−1




















ζ Tr(x)p (mod λ)
= −(−g(m′, p′))f/f ′ .
This completes the proof. 
We will make use of Proposition 3.6 in a weak form below.
COROLLARY 3.7. Let the notation be as in Proposition 3.6 and λ′ be the prime
















f ′ is even .
4. Stickelberger’s Theorem









σ−1t ∈ Q[Gal(K/Q)] ,
where σt (t ∈ G) denotes the element of Gal(K/Q) uniquely determined by the rule
σt (ζm) = ζ tm. It is clear from the definition of θ that mθ ∈ Z[Gal(K/Q)]. On the other
hand, it is known that g(m, p)m ∈ K .
THEOREM 4.1 (Stickelberger). The prime ideal decomposition of the ideal
(g(m, p)m) of K is given by
(g(m, p)m) = pmθ .
Proof. See [3, Chapter 14, §3, Theorem 2]. 
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Now, suppose that (p(p − 1),m) = 1. Then f > 1. Furthermore g(m, p) ∈ KH by




















〉 is an integer for any t ∈ G. Hence (9) shows that
θ|
KH
belongs to the integral group ring Z[Gal(KH /Q)], so that pθ makes scence.
COROLLARY 4.2. If (p(p − 1),m) = 1, the prime ideal decomposition of the prin-
cipal ideal (g(m, p)) of K is given by
(g(m, p)) = pθ .
Proof. This immediately follows from Theorem 4.1 and the remark above. 
Let χ be a character of G. We say that χ is odd or even if χ(−1) = −1 or χ(−1) = 1
respectively.












where χ denotes the complex conjugate of χ .
LEMMA 4.3. Let χ0 be the trivial character of G.





where νG = ∑t∈G σt is the norm element.
(ii) If χ is even and χ 
= χ0, then θeχ = 0.






















= 1 (t ∈ G) .
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For the third assertion, see [5]. 
The following proposition will slightly simplify the proof of Thoerm 2.4.
PROPOSITION 4.4. Let m0 = l1 · · · lr and K0 = Q(ζm0). Let p0 be the prime ideal
of K0 lying under p and let f0 be the order of p modulo m0. If H contains the Galois group
Gal(K/K0), then
g(m, p) = p 12 (f−f0)g(m0, p0) .
Proof. Let G0 = (Z/m0Z)× and θ0 the corresponding Stickelberger element in the
































= θ0 + m/m0 − 1
2
νG0 .












+ m/m0 − 1
2
,
where a is any integer such that a 
≡ 0 (mod m0). The assumption on p implies that








Thus Stickelberger’s theorem shows that
g(m, p) = εp 12 (f−f0)g(m0, p0) (10)
for some unit ε in KH . Furthermore we have
|g(m, p)σ | = |p 12 (f −f0)g(m0, p0)σ | (= p
f
2 )
for any σ ∈ G, so that |εσ | = 1. Thus ε is actually a root of unity in KH . But since ±1
are the roots of unity contained in KH , this implies that ε = ±1. In order to complete the
proof it suffices to show that ε = 1, which we prove by induction on r .
First, this is trivially true in case r = 0. Suppose that r > 0 and let lr = l. For
simplicity we put m′ = m/ler , m′0 = m0/l. We assume that
g(m′, p′) = p 12 (f ′−f ′0)g(m′0, p′0) . (11)
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Let λ be a prime ideal of K lying above l. Then by Proposition 4.4 we have
g(m, p)l
e ≡ −(−g(m′, p′))
f
f ′ (mod λ) .
Quite similarly, we have
g(m0, p0)l
e ≡ −(−g(m′0, p′0))
f0
f ′0 (mod λ) . (12)
Therefore from (11), (12) and the identity 12 (f
′ − f ′0) · ff ′ = 12 (f − f0) we deduce that
g(m, p)l
e ≡ p 12 (f−f0)g(m0, p0)le (mod λ). (13)
Combining (10) with (13), we have ε ≡ 1 (mod λ), which implies that ε = 1 since
l > 2. 
5. Proof of the Main Theorem
In this section we prove Theorem 2.4. Our first task is to prove the following theorem,
which is the first half of Theorem 2.4.
THEOREM 5.1. Under Condition 2.1, we have






with ε = ±1.
Proof. Let m0 = l1 · · · lr and suppose that Theorem 5.1 holds for m0:






Using the fact that D(m0, p) = D(m, p) and H(m0) = H(m) and Proposition 4.4 we have
g(m, p) = p 12 (f−f0)g(m0, p0)












This shows that Theorem 5.1 holds for m. Therefore it suffices to show the theorem assum-






be the norm element associated with H . Since
eχνH = (1 + χ(p) + χ(p)2 + · · · + χ(p)f −1)eχ ,






eχ if χ(p) = 1 ,
0 otherwise .
Thus the identity 1 = ∑











If χ(p) = 1 and χ 
= χ0, then χ is a quadratic character since G/H is an abelian group
of exponent 2, so that χ = (
d
)
for some divisor d > 1 of m. In this case, we have












{−2v(m/d)h(−d)eχ if d ∈ D(m, p) ,
0 otherwise .
Let ρ = σ−1 ∈ Gal(K/Q) denote the complex conjugation. Then
eχ = 1|G|(1 − ρ)νd ,





Thus, if χ = (
d
)
with d ∈ D(m, p), we have
θeχ = −2
v(m/d)h(−d)
















Here, since m is square-free, we can use the relation v(m/d) = v(m) − v(d) to get
2v(m/d)+1h(−d) = 2v(m)−1h∗(−d) .
Furthermore, we have |G| = 2v(m)f/δ. Indeed,
|G| = (G : H)|H |
= (G : G
2)


































h∗(−d) · ρνd .
Since pθ = p 1f νH θ , this shows that









Observe that pνG = (p)f and pνd = pfd OK , where pd is the prime ideal of Q(
√−d) lying
under p. Since pδdh
∗(−d)





for some integer πd in Q(
√−d). Substituting this into (14) yields





Since (g(m, p)) = pθ , this implies that






for some unit in KH . Quite similarly as in the proof of Proposition 4.4, we see that ε = ±1.
This proves Theorem 5.1. 
We next prove the following theorem, which is the second half of Theorem 2.4.
THEOREM 5.2. Suppose that Condition 2.1 holds and l1 ≡· · ·≡ lr−1 ≡ 3 (mod 4).
Then the sign ε defined in Theorem 5.1 is given as follows.






















On Multi-Quadratic Gauss Sums 111






















(lr ≡ 1 (mod 4)) .
REMARK 5.3. Although the formula for ε in Theorem 5.2, (iii) is apparently dif-
ferent from that of Theorem 2.4, the both formula coincide since Dr = ∅ in the case of
(iii).
Proof. For each i = 1, . . . , r , let pi be the ideal of L lying under p and fi the order
of p modulo mi . Then by Theorem 5.1 we have







d (i = 1, . . . , r)
with εi = ±1.














































(i = 1, . . . , r − 1) . (16)
In order to compute εr , note that, if l is a prime number distinct from p, then
D(l, p) =
{ {l} if l ≡ 3 (mod 4) and (p
l
) = 1 ,
∅ otherwise .
This combined with (1) implies that




2 (fr−H(lr ))πlr in the case of (iii) and lr ≡ 3 (mod 4) ,
p
fr
2 in the other cases .
(17)






















= 1 for any i in this case. Therefore,










This proves the assertion of the theorem in the case of (iii) and lr ≡ 3 (mod 4).
In the second case of (17), we have εr = 1. Therefore, taking the product of (16) for














































(in the case of (iii)) .
This completes the proof of the theorem. 
6. Some Examples
We recall the results in the index 2 case proved in [6] and [8] assuming that (m, 6) =
1. We begin with the case of r = 1, that is m = le with a prime number l > 3 and
p ≡ g2 (mod m), where g is a primitive root modulo m. If l ≡ 1 (mod 4), then pf/2 ≡
−1 (mod m), so that g(m, p) = pf/2 by Stickelberger’s theorem. As for the case l ≡ 3
(mod 4), Langevin [6] proved the following
THEOREM 6.1. Let m = le be a power of a prime number l such that l ≡ 3 (mod 4)
and l > 3. Suppose f = ϕ(m)/2. Then




where al, bl are integers satisfying 4ph(−l) = a2l + lb2l and the sign of al is determined by
the congruence relation:
al ≡ −2p 12 (f+h(−l)) (mod l) . (19)
Proof. This is the case (iii) of Theorem 2.4, and D(m, p) = {l} and δ = 1. So we
have
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where πl is an integer in Q(
√−l) such that ph(−l) = (πl). If we write








) = ( 2al
l
)
. Thus, if we choose the sign of πl so that(−2al
l
)
= 1 , (20)
then g(m, p) = p 12 (f−h(−l))πl . Since
a2l ≡ 4ph(−l) ≡ 4pf +h(−l) (mod l)
and f + h(−l) is even, it follows that




) = 1, it turns out that Condition (19) is equivalent to (20). Thus the theorem
holds. 
Next, consider the case r = 2. Let m = le11 le22 be a product of powers of two distinct
prime numbers l1, l2 > 3. In this case, under Condition (i) of Proposition 2.2, we have
(G : H) = 2 and −1 
∈ H if and only if one of the following conditions holds:
(i) p ≡ g1g2 (mod m) and l1 ≡ 3, l2 ≡ 1 (mod 4),
(ii) p ≡ g21 g2 (mod m) and l1 ≡ 3 (mod 4),
(iii) p ≡ g1g22 (mod m) and l1 ≡ 3, l2 ≡ 1 (mod 4).
THEOREM 6.2. Let m = le11 le22 be a product of powers of two distinct odd prime
numbers l1, l2 such that l1 ≡ 3 (mod 4), l1 > 3 and l2 ≡ 1 (mod 4).
(i) (Mbodj [8, Proposition 3.8]) If p ≡ g1g2 (mod m), then




where al1l2, bl1l2 are integers satisfying
4ph
∗(−l1l2) = a2l1l2 + l1l2b2l1l2, al1l2 ≡ 2ph
∗(−l1l2) (mod l1). (21)
































where al1, bl1 are integers satisfying
4ph(−l1) = a2l1 + l1b2l1 , al1 ≡ −2p
1
2 (f+h(−l1)) (mod l1).
(iii) If p ≡ g1g22 (mod m), then g(m, p) = pf/2.
The following theorem is a generalization of Theorem 6.2, (i).
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THEOREM 6.3. Suppose that r > 1, p ≡ g1 · · · gr (mod m) and l1 ≡ · · · ≡ lr−1 ≡ 3
(mod 4) and lr ≡ 1 (mod 4). Then













= (−1)H(m) . (22)
Proof. Note that κd = 1 for any d ∈ D(m, p) in this case. Theorem 5.2 then shows
that
























then we have ε = 1, which proves the theorem. 
REMARK 6.4. If r = 2 in Theorem 6.3, then
D(l1l2, p) = D01 = {l1l2} .





This condition is equivalent to the congruence relation of (21). Indeed, al1l2 ≡ 2pH(l1l2)
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which proves that if r = 2, then (22) is equivalent to (21).
Applying Theorem 2.4 directly, we can prove the following theorem, which is a gen-
eralization of Theorem 6.2, (ii).
THEOREM 6.5. Suppose that r > 1, p ≡ g21 g2 · · · gr (mod m) and li ≡ 3 (mod 4)































= −1 for any i > 1
)
,
where the sign of πd with d ∈ D01 − {l1} are chosen so that
ad ≡ 2ph∗(−d) (mod l1) .





(−1)v(d)−1 (l1 | d) ,





It follows that any d ∈ D(m, p) is divisible by l1. As a special case, we have l1 ∈ D(m, p)





= −1 for any i > 1. Moreover we can easily see that D(mi, p) = ∅ for



























= −1 for any i > 1
)
,














= 1 , (23)
then we have ε = 1.
It remains to show that condition (23) holds if and only if ad ≡ 2ph∗(−d) (mod l1). To
see this, note that
2πd ≡ ad (mod λ1) .
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= 1 if and only if
ad ≡ 2ph∗(−d) (mod l1) .
This completes the proof of the theorem. 






ever, the following two theorem give examples for which ε can be simply determined.
THEOREM 6.6. Suppose that r > 1, p ≡ g21 · · · g2r−1gr (mod m) and l1 ≡ · · · ≡
lr ≡ 3 (mod 4). Then









where ad, bd are integers satisfying 4ph
∗(−d) = a2d + db2d with p  adbd .





1 (lr  d) ,
−1 (lr | d) ,
so that δd = 1 for any d ∈ D(m, p), hence κd = 2. Since D(mr, p) = ∅, Theorem 2.4
implies that ε = 1. This proves the theorem. 
The next theorem gives a generalization of Theorem 6.2, (iii).
THEOREM 6.7. Suppose that s = 1 < r , lr ≡ 1 (mod 4) and p ≡ g1 · · · gr−1g2r
(mod m). Then
g(m, p) = pf/2 .









(−1)v(d) if lr  d ,
(−1)v(d)−1 if lr | d .
Hence D(mi, p) = ∅ for any i = 1, . . . , r , and ε = 1 by Theorem 2.4. 
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